Introduction
Let Φ be an irreducible, spherical, possibly nonreduced root system (i.e., Φ = BC is allowed) of rank 2 satisfying the crystallographic condition. If the group G is generated by nonidentity subgroups A r , r ∈ Φ, satisfying:
(1) X r = A r , A −r is a rank one group with unipotent subgroups A r and A −r for r ∈ Φ.
(For definition and properties of rank one groups, which will be used throughout this paper, see [2, I] .) (2) If r, s ∈ Φ with s / ∈ {−r, −2r} and r / ∈ {−s, −2s}, then [A r , A s ] A λr+µs | λ, µ ∈ N with λr + µs ∈ Φ . Further A 2r A r if 2r ∈ Φ. (Here we use the convention ∅ = 1, so that the condition A r = 1 if 2r / ∈ Φ is included in (2) .)
Then we say G satisfies hypothesis (S). (Condition (S) can be seen as a generalization of the Steinberg presentation, whence the name (S).)
Let now B be an irreducible spherical Moufang building of rank 2, A an apartment of B and Φ the set of roots (half-apartments) of A. Then we call G = A r | r ∈ Φ Aut(B), where A r is the root group corresponding to r on B in the sense of Tits, the group of Lie type B. It has been shown in [2, II §5 ], see also [7] , that we can enlarge Φ to some possibly nonreduced root system Φ, such that the A r , r ∈ Φ, satisfy (1) and (2) Since condition (3) is very difficult to control it would be desirable to weaken it. For this purpose it has been shown in Theorem 2 of [3] that the conclusion of the above theorem (i.e., Theorem 1 of [3] ) holds, if G satisfies (S) and in addition: (3 ) Always equality holds in condition (2) .
Unfortunately (3 ) is also difficult to control and is actually false in Chevalley groups of type C 2 and F 4 in characteristic two and of type G 2 in characteristic three. On the other hand, if one just assumes (S), then all commutators in (2) might be trivial, whence G is the central product of the X r , r ∈ Φ. So such a possibility has to appear in the statements.
Assume for the rest of the introduction that G satisfies (S). If the Dynkin diagram of Φ has only single bonds, i.e., Φ of type A , D or E , then it has been shown in [4] that the following hold:
(i) Φ =˙ Ψ i , Ψ i a root subsystem of Φ or of the form Ψ i = {±r i }, r i ∈ Φ.
(ii) G is a central product of subgroups G i = A r | r ∈ Ψ i , which are either of type B i , B i a building with root system Ψ i as defined above, or
Unfortunately this statement is no longer true when the Dynkin diagram has a double bond. The easiest example to see this is Φ = C 2 = {±r, ±s, ±(r + s), ±(2r + s)} and G = X s * G 1 (central product) and G 1 = X r , X r+s , X 2r+s SL 3 . (In this case {±r, ±(r + s), ±(2r + s)} can be considered as a root system of type A 2 , but is certainly no subsystem of Φ.)
In case Φ of type B , C , F 4 or BC and characteristic different from two it has been shown in [5, 6] that G has a central factor (which might be equal to G) of type B, B a spherical Moufang building, or a central factor X r , r ∈ Φ. The condition that the characteristic is different from two comes from [1] , which treats the case Φ = C 2 as induction basis. Here (i.e., in [1] ) the condition that the characteristic is different from two is needed, to obtain central involutions in certain rank one groups. The existence of these central involutions plays a main role in the proof.
In this paper we generalize [5] 
If Φ is of type B or C then it can be shown that n for n as in (a). (See proof of [5] .) But this is no longer true for Φ of type F 4 , in which case one of the G i can be of type A 5 .
Theorem 1 is advantageous to [5] because of:
(1) It also holds in characteristic two, which case has not been treated in [5] (and [1] ) at all. (2) It makes a precise statement about all central factors of G, while in [5] (and [1] ) it has only been shown that there is one central factor, which is either of Lie-type or a rank one group. (3) The proof is more conceptual in so far, that is concentrates on a section of G, which is a finite group generated by {3, 4}-transpositions. This section plays the role of a Weyl-group.
Moreover the proof of Theorem 1 is independent of [5] . ([5] is only quoted to mention certain auxilitary lemmata, the proof of which we repeat in our more general situation for the convenience of the reader.)
Similarly as in [5] the proof of Theorem 1 depends on the treatment of the B 2 = C 2 case as induction basis. For this purpose we have to extend the results of [1] to characteristic 2. We will prove in Section 3: Proposition 2. Suppose G satisfies (S) with Φ = C 2 . Then one of the following holds:
From Proposition 2 we obtain as a corollary:
Then one of the following holds: The proof of Proposition 2 depends on [1] and Theorem 2 of [3] . Namely the main result of [1] says, that if the A r , r ∈ Φ, are not elementary abelian 2-groups, either case (2) of Proposition 2 holds or we have equality in all commutator relations of (S) (2) . In the second case G is by Theorem 2 of [3] of Lie-type B, B a Moufang building of type C 2 . Thus, to prove Proposition 2, we may assume that all A r , r ∈ Φ, are elementary abelian 2-groups. In this situation the existence of a central involution in X r will be replaced by the following: The proof of this observation, which is very easy, will be given in Section 2. Now, to prove Theorem 1 assume that the proposition and its corollary hold. Then, by the conjugation condition in (2) and (3) of the corollary, the H α , α ∈ Φ, normalize each other and, if H = H α , α ∈ Φ, then N = H, n α | α ∈ Φ normalizes H and it can be shown that {n α | α ∈ Φ} is a set of {3, 4}-transpositions of N = N/H , which satisfies the conditions (a) and (b) of the theorem of [8] . Hence by [8] , N is an image of a (possibly nonirreducible) spherical Weyl-group and we show that G is a central product of subgroups corresponding to the irreducible factors of N .
In the meantime I have also proved the corresponding version of Theorem 1 for Φ of type BC , 2, so that, together with [4] , we have a uniform theorem for all irreducible, spherical, possibly nonreduced root-systems and Lie-type groups different from G 2 and 2 F 4 .
Preliminary results
We first prove the observation on rank one groups made in the introduction. 
Notice that G is finite if |D| is finite. Namely, as D = G, the kernel of the action of G on D is Z(G). Hence G/Z(G) is finite and thus also G. With this notation we have:
Lemma. Suppose the group X is generated by the involutions a, b, . . ., e satisfying:
and
Then X/N Σ 3 , where N = O 2 (X), and |E| = 3 · 2 n , where
Proof. Let F (E) be the graph with vertex set E and edges (x, y), where x, y ∈ E with o(xy) = 3. Then F (E) is connected, since a, b, . . ., e normalize the connectivity component of F (E) containing {a, b, . . ., e}. We show (1) E is a class of 3-transpositions of X. (This has already been proved in (2.2) of [8] . But since there the hypothesis is different, we repeat the proof for the convenience of the reader.)
Suppose (1) is false and under all pairs e, f ∈ E with o(ef ) = 4, choose e, f so that e and f are connected by a path of minimal length in F (E). Let e i ∈ E, i = 0, . . ., n, such that e 0 = e, e n = f and (e 0 , e 1 , . . . , e n ) is such a minimal path from e to f in 
( (2) is one of the well-known little facts about 3-transposition groups, the proof of which we will, also for the convenience of the reader, repeat here.)
In any case by the structure of Σ 4 , we obtain y f h ∈ E g a , since E a is a TI-subset of E. This shows that f h normalizes all E g a , g ∈ X, and thus the subgroups Q(E g a ), g ∈ X, normalize each other. Since E a is an elementary abelian 2-group, this shows that
is a normal 2-subgroup, which proves (2). We claim {a, c, d, e} ⊆ E a . Namely if this claim holds, then by (2),
To prove our claim suppose 
Notation.
If Φ is an irreducible, spherical root system and r, s ∈ Φ, let r, s be the root subsystem spanned by r and s. If G is a group satisfying (S) with respect to Φ and if r ∈ Φ let n r be an arbitrary element of X r interchanging A r and A −r . Notice that
H r = n · n | n, n ∈ X r interchanging A r and A −r . 2.6. Notation. Suppose G satisfies (S) with respect to Φ, and Φ is a reduced, irreducible, spherical root system satisfying the crystallographic condition, different from G 2 . (I.e., Φ is of type A , B , C , D , E or F 4 .) Suppose further that the conclusion of the corollary holds. Then for all r, s ∈ Φ one of Lemmas 2.3-2.6 holds for r, s and Y = X α | α ∈ r, s . Since H r = nn | n, n ∈ X r both interchanging A r and A −r and since we may set n = n r respectively n = n r we obtain: Proof. 2.9 is essentially (2.13) of [5] , the only difference being that we also admit the characteristic two case, which does not affect the proof much. But for the convenience of the reader we repeat it. The aim of the proof is to introduce the structure of a root system on ∆ and then apply Theorem 1 of [3] 
Lemma. Suppose G satisfies (S) with respect to Φ and let
r, s ∈ Φ. Let Y = X α | α ∈ r,H(1) H normalizes A α , X α , H α and H α n α for each α ∈ Φ. (2) N acts on {A α | α ∈ Φ}, {X α | α ∈ Φ} and on {H α n α | α ∈ Φ}. (3) D = {n α | α ∈ Φ}
to G(∆).
First notice that by 2.8, N acts on Φ by A r n := (A r ) n for r ∈ Φ, n ∈ N . Hence N(∆) acts on ∆ by hypothesis (b). Next we need to show that N(∆) is actually isomorphic to the corresponding Weyl-group. In this way ∆ becomes a root-system with Weyl-group N(∆). For r, s ∈ ∆ let r, s ∆ be the root-subsystem of ∆ spanned by r and s. Now, to obtain the crystallographic condition, we must choose the length of the roots in ∆ accordingly. In the single bond case (i.e., o(n r i n r j ) 3 for all i, j m) simply let r = 1 for all r ∈ ∆. If o(n r i n r j ) = 4 then by 2.5, r i , r j and r i , r j ∆ are both of type B 2 (= C 2 ). If now r i > r j in Φ we let r j = 1 and replace r i by √ 2 r i and extend this definition of length to all roots of ∆ by the action of N(∆). (Notice that this definition of length is well defined, since N(∆) is a spherical Weyl-group and whence each root is either conjugate to a long fundamental root or to a short fundamental root. The length of the roots in ∆ is not necessarily the same as in Φ, since for example if r i > r j in Φ it might by 2.5 happen that r i , r j ∆ is of type A 2 and whence r i = r j in ∆.) In this way ∆ becomes a spherical root system of one of the types A , B , C , D , E or F 4 . If now α = −β ∈ r, s ∆ then we obtain by 2.4, 2.5:
A λα+µβ | λ, µ ∈ N and λα + µβ ∈ r, s ∆ A λα+µβ | λ, µ ∈ N and λα + µβ ∈ ∆ . 
Proof of the proposition

We assume in this section that hypothesis (S) holds with
We also use the notation of §2 of [3] , that is for α ∈ Φ the subgroups U α , X α and H α are defined. Assuming that case (2) 
1). P
Now, to prove that the proposition holds, we may and will, as shown in the introduction, by [1] and Theorem 2 of [3] assume that all A α , α ∈ Φ, are elementary abelian 2-groups. Our aim is to show, that for all α, β ∈ Φ and n α ∈ X α interchanging A α and A −α we have Since A n s = A 2r+s , this shows that H r normalizes A s and A 2r+s . As n r ∈ H r n, (3.5) now implies (3.6). P 3.7. Proof of the proposition. Since the denotation of the roots is arbitrary, (3.6) shows that either case (2) of the proposition holds or A n α β = A β ωα for all short roots α ∈ Φ and all n α ∈ X α interchanging A α and A −α . Since the same holds by [1, (3.4) ] for the long roots, the proposition is now a direct consequence of Theorem 1 of [3] . P
Proof. Since n is an involution acting on the elementary abelian 2-group A r+s clearly C A r+s (n) = 1. So it remains to show C A r+s (X) C A r+s (n). For this pick 1 = a ∈ C A r+s (n).Then a x
= a[a, x] ∈ C(y) since n x = y. Suppose [a, x] = 1. Then a x = a[a, x] / ∈ A
Proof of the corollary.
To prove the corollary we may assume that case (1) of the proposition holds. Choosing the denotation of the roots appropriately we may further assume that X s ¡ G and, if 
Proof of Theorem 1
We assume in this section that G and Φ satisfy the hypothesis of Theorem 1 and we use the notation introduced in 2.7. Then by 2.8, D is a set of {3, 4}-transpositions of N . We first show that D satisfies the hypothesis (a) and (b) of the main theorem of [8] , which then shows that N is an image of a finite Weyl-group and D is the image of the reflections. 4.1. Lemma. n r 1 , n r 2 , n r 3 is an image of a finite Weyl-group for all r 1 , r 2 , r 3 ∈ Φ.
1 is a consequence of 2.4-2.6. The same lemmata also imply 4.1 if rank Ψ 2. So we may assume that Ψ is irreducible of rank 3.
Then Ψ is of type A 3 , B 3 or C 3 , since Ψ is a root subsystem of Φ. If Ψ is of type A 3 , 4.1 is a consequence of the Main Theorem of [4] . Hence we may assume that Ψ is of type (Up to change of enumeration of the roots. In all other cases the diagram of n r 1 , n r 2 , n r 3 is already spherical, whence n r 1 , n r 2 , n r 3 must be the image of a spherical Weyl-group.) Let now Y = n r 1 , n r 2 , n r 3 
and E
. Then E ⊆ D ∩ {n r | r ∈ Ψ + }. Since |Ψ + | = 9, we have |E| 9.
Suppose first that we are in case I. Then, as Y is an image of W (A 2 ) (Z × Z)Σ 3 , it is easy to see that either Y is an image of Σ 4 = W (A 3 ) and (4.1) holds or |Y | = 3 3 · 2 or 3 2 · 2. In the second case |E| = 9 and all different elements of E do not commute. But this is impossible, since either Ψ has a root subsystem of type
Next assume that we are in case II. Then without loss r 1 is short and r 3 is long. If Ψ = C 3 then r 2 is also short and we obtain Hence, applying the main theorem of [4] to Ω, we obtain that n r | r ∈ Ω is a central product of Weyl-groups corresponding to root subsystems of
If Ψ is of type C 5 then it contains a root subsystem Λ of type A 4 consisting of short roots. Hence again by ( * ) and [4] n r ∈ E | r ∈ Λ is an elementary abelian 2-group. Thus {n r | r ∈ Λ and n r ∈ E} consists of at least 9 pairwise commuting involutions, a contradiction since a maximal set of pairwise commuting involutions of E has 8 elements.
In case II Ψ is of type F 4 , since
Hence E = {n r | r ∈ Ψ }. Now Ψ contains a root subsystem Ω of type D 4 consisting only of long roots. Hence [4] and ( * ) imply that
since n r | r ∈ Ω cannot be elementary abelian as shown above. But there exist roots α, β ∈ Ω and s ∈ Ψ − Ω such that α, β, s is of type A 2 × A 1 . Hence (+) implies n α , n β , n s Σ 3 × Z 2 , a contradiction to ( * ). This proves 4.2. P 4.1, 4.2 and the main theorem of [7] show that N is an image of a finite Weyl-group. We next show that no D-subgroup of N is isomorphic to W (E ), 6 8, or to a center factor group of W (E ). Suppose first Ψ is of type B 6 . Then Λ = {r ∈ Ψ | r long } is a root subsystem of type D 6 . Hence by [4] , R = n r | r ∈ Λ is a central product of Weyl-groups corresponding to irreducible root subsystems of Λ. But as |Λ + | = 30 it is easy to see that R = Y , a contradiction.
Lemma. There exists no subset E of D with E W (E ) or W * (E ) = W (E )/ Z(W (E )
Next suppose Ψ is of type C 6 . Then Λ = {r ∈ Ψ | r long } is of type A 1 × · · · × A 1 (6-times). Hence {n r | r ∈ Λ} consists of 6 pairwise commuting involutions. Since |E| = |Ψ + | all these involutions lie in E, a contradiction since a maximal set of pairwise commuting reflections of W (E 6 ) contains only 4 elements. [7] Y is an epimorphic image of an irreducible spherical Weyl-group and E is the image of the reflections. We need to show that Y is a center factor group of a Weyl-group. If not, then by the structure of the finite Weyl-groups (different from W (G 2 )) we are in one of the cases: 
